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THE DERIVED CATEGORY ANALOGUES OF FALTINGS’
LOCAL-GLOBAL PRINCIPLE AND ANNIHILATOR THEOREMS
KAMRAN DIVAANI-AAZAR AND MAJID RAHRO ZARGAR
Abstract. Let Z be a specialization closed subset of SpecR and X a homologically
left-bounded complex with finitely generated homologies. We establish Faltings’ Local-
global Principle and Annihilator Theorems for the local cohomology modules Hi
Z
(X).
Our versions contain variations of results already known on these theorems.
1. Introduction
Throughout, R is a commutative Noetherian ring with identity. Let a be an ideal of R
and M a finitely generated R-module. The finiteness dimension of M relative to a, fa(M),
is defined as the infimum of the integers i such that Hia(M) is not finitely generated. Let r
be a positive integer. It is known that Hia(M) is finitely generated for all i < r if and only
if anHia(M) = 0 for some positive integer n and all i < r. Faltings’ Local-global Principle
Theorem [Fa1, Satz 1] asserts that the R-module Hia(M) is finitely generated for all i < r if
and only if the Rp-module H
i
aRp(Mp) is finitely generated for all i < r and for all p ∈ SpecR.
Thus,
fa(M) = inf
{
i ∈ N0| a *
√
(0 :R H
i
a(M))
}
= inf
{
faRp(Mp)| p ∈ SpecR
}
.
Now, let b be a second ideal of R such that b ⊆ a. The b-finiteness dimension of M
relative to a is defined by
fba (M) := inf
{
i ∈ N0| b "
√
(0 :R H
i
a(M))
}
.
It is natural to ask whether Faltings’ Local-global Principle generalizes for the pair b ⊆ a.
In other words, does
fba (M) = inf
{
f
bRp
aRp
(Mp)| p ∈ SpecR
}
?
In [Ra, Corollary], Raghavan deduced from Faltings’ Annihilator Theorem that if R is
a homomorphic image of a regular ring, then the Local-global Principle holds for the pair
b ⊆ a. The b-minimum a-adjusted depth of M is defied by
λba(M) := inf
{
depthMp + ht
(
a+ p
p
)
| p ∈ SpecR −V(b)
}
.
It is always the case that fba (M) ≤ λba(M). Faltings’ Annihilator Theorem [Fa2, Satz 1]
states that if R is a homomorphic image of a regular ring, then fba (M) = λ
b
a(M).
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In the literature, there are many generalizations of Faltings’ Local-global Principle and
Annihilator Theorems for ordinary local cohomology and also for some of its generalizations;
see e.g. [AKS], [BRS], [Ka], [KS], [KYA] and [Ra].
It is known that all the generalizations HiZ(M), H
i
a,b(M), and H
i
a(M,N) of the local
cohomology module Hia(M) of an R-module M , are special cases of the local cohomology
module HiZ(X) of a complex X with support in a specialization closed subset Z of SpecR.
For the definitions of Hia,b(M) and H
i
a(M,N), we refer the reader to [TYY] and [He]. Also,
Yoshino and Yoshizawa [YY, Theorem 2.10] have shown that for every abstract local coho-
mology functor δ from the category of homologically left bounded complexes of R-modules
to itself, there is a specialization closed subset Z of SpecR such that δ ∼= RΓZ . Therefore,
any established result on HiZ(X) encompasses all the previously known results on each of
these local cohomology modules.
Our aim in this paper is to establish Faltings’ Local-global Principle and Annihilator
Theorems for the local cohomology modules HiZ(X). More precisely, we prove the following
theorem; see Theorems 3.8 and 4.5, and Corollaries 3.9 and 4.6. To state it, we first need
to fix some notation.
Let Z ⊆ Y be two specialization closed subsets of SpecR and X a homologically left
bounded complex with finitely generated homologies. Set
fYZ (X) := inf
{
i ∈ Z| cHiZ(X) 6= 0 for all ideals c of R with V(c) ⊆ Y
}
and
λYZ(X) := inf
{
depthRq Xq + ht
p
q
| q /∈ Y and p ∈ Z ∩ V(q)
}
.
Abbreviate fZZ (X) and λ
Z
Z(X), by fZ(X) and λZ(X), respectively. Note that f
b
a (M) =
f
V(b)
V(a) (M) and λ
b
a(M) = λ
V(b)
V(a)(M).
Theorem 1.1. Let Z ⊆ Y be two specialization closed subsets of SpecR and X a homologi-
cally left-bounded complex with finitely generated homologies. Then the following statements
hold.
(i) fZ(X) = inf
{
fZp(Xp)| p ∈ SpecR
}
= inf
{
i ∈ Z| HiZ(X) is not finitely generated
}
.
(ii) Assume that X is homologically bounded. Then fYZ (X) ≤ λYZ(X).
(iii) Assume that R is a homomorphic image of a finite-dimensional Gorenstein ring and
X is homologically bounded. Then fYZ (X) = λ
Y
Z(X) and
fYZ (X) = inf
{
f
Yp
Zp
(Xp)| p ∈ SpecR
}
.
2. Prerequisites
The derived category of R-modules is denoted by D(R). Simply put, an object in D(R)
is an R-complex X displayed in the standard homological style
X = · · · → Xi+1
∂Xi+1−−−→ Xi ∂
X
i−−→ Xi−1 → · · · .
We use the symbol ≃ for denoting isomorphisms in D(R). We denote the full subcategory
of homologically left-bounded complexes by D❁(R). Also, we denote the full subcategory of
complexes with finitely generated homology modules that are homologically bounded (resp.
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homologically left-bounded) by Df✷(R) (resp. D
f
❁(R)). Given an R-complexX , the standard
notion
supX = sup
{
i ∈ Z| Hi(X) 6= 0
}
is frequently used, with the convention that sup ∅ = −∞.
Let a be an ideal of R and X ∈ D❁(R). A subset Z of SpecR is said to be spe-
cialization closed if V(p) ⊆ Z for all p ∈ Z. For every R-module M , set ΓZ(M) :={
x ∈M | SuppRRx ⊆ Z
}
. The right derived functor of the functor ΓZ(−) in D(R),RΓZ(X),
exists and is defined by RΓZ(X) := ΓZ(I), where I is any injective resolution of X . Also,
for every integer i, the i-th local cohomology module of X with respect to Z is defined by
HiZ(X) := H−i(RΓZ(X)). To comply with the usual notation, for Z := V(a), we denote
RΓZ(−) and HiZ(−) by RΓa(−) and Hia(−), respectively. Denote the set of all ideals b of
R such that V(b) ⊆ Z by F (Z). Since for every R-module M, ΓZ(M) =
⋃
b∈F (Z) Γb(M),
for every integer i, one can easily check that
HiZ(X)
∼= lim−→
b∈F (Z)
Hib(X).
Recall that SuppRX :=
⋃
l∈Z
SuppR Hl(X) and
depth(a, X) := − supRHomR(R/a, X).
By [Iy, Theorem 6.2], it is known that
depth(a, X) = inf
{
i ∈ Z| Hia(X) 6= 0
}
.
When R is local with maximal ideal m, depth(m, X) is simply denoted by depthRX . For
every prime ideal p of R and every integer i, the i-th Bass number µi(p, X) is defined to be
the dimension of the Rp/pRp-vector space H−i(RHomRp(Rp/pRp, Xp)).
3. Local-global Principle Theorem
The following easy observation will be very useful in the rest of the paper.
Lemma 3.1. Let Z be a specialization closed subset of SpecR and X ∈ D❁(R). Then the
following statements hold.
(i) HiZ(X) = 0 for all i < − supX and H− supXZ (X) is a finitely generated R-module
whenever X ∈ Df❁(R).
(ii) SuppRH
i
Z(X) ⊆ Z for every integer i.
(iii) If SuppRX ⊆ Z, then RΓZ(X) ≃ X.
Proof. (i) Let s := supX . By [Ch, Theorem A.3.2 (I)], X possesses an injective resolution I
such that Ii = 0 for all i > s. As for every integer i, one has H
i
Z(X) = H−i(ΓZ(I)), it follows
that HiZ(X) = 0 for all i < −s and that H−sZ (X) is a submodule of Hs(I). If X ∈ Df❁(R),
then Hs(X) is finitely generated, and so H
−s
Z (X) is finitely generated too.
(ii) the proof is easy and we leave it to the reader.
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(iii) Assume that SuppRX ⊆ Z. For every prime ideal p of R, one can check that
ΓZ(E(R/p)) =
E(R/p) , p ∈ Z0 , p /∈ Z.
By [Fo, Lemma 2.3 (a) and Proposition 3.18], X possesses an injective resolution I such
that
Ii ∼=
⊕
p∈SuppR X
E(R/p)(µ
i(p,X))
for all integers i. Thus, ΓZ(Ii) ∼= Ii for all integers i, and so
RΓZ(X) ≃ ΓZ(I) ≃ I ≃ X.

The following result plays an essential role in the proof of the derived category analogue
of Falting’s Local-global Principle Theorem.
Lemma 3.2. Let Z be a specialization closed subset of SpecR and X ∈ Df❁(R). Let t be
an integer such that HiZ(X) is a finitely generated R-module for all i < t. Then for every
a ∈ F (Z), the R-module HomR(R/a,HtZ(X)) is finitely generated.
Proof. By Lemma 3.1 (i), HiZ(X) = 0 for all i < − supX and H− supXZ (X) is finitely
generated. So, we may assume that − supX < t. Set T := Σ− supXX and note that
HiZ(X)
∼= Hi+supXZ (T ) for all integers i. So, by replacing X with T , we may and do assume
that supX = 0 and 0 < t. Then, there exists an injective resolution I of X such that Il = 0
for all l > 0.
Now, let a ∈ F (Z) and P be a projective resolution ofR/a. SetMp,q := HomR(P−p,ΓZ(Iq)).
Hence M := {Mp,q} is a third quadrant bicomplex, and so the complex HomR(P,ΓZ(I)) is
the total complex of M.
For every R-module M , one has Γa(ΓZ(M)) = Γa(M). So, the two complexes Γa(ΓZ(I))
and Γa(I) are the same. By [Li, Propositon 3.2.2], for any two complexes X1, X2 ∈ D❁(R)
with SuppRX1 ⊆ V(a), one has an isomorphism
RHomR(X1, X2) ≃ RHomR(X1,RΓa(X2))
in D(R). This yields † and ‡ in the following display of isomorphisms in D(R):
HomR(P,ΓZ(I)) ≃ RHomR(R/a,ΓZ(I))
†≃ RHomR(R/a,RΓa(ΓZ(I)))
≃ RHomR(R/a,Γa(ΓZ(I)))
≃ RHomR(R/a,Γa(I))
≃ RHomR(R/a,RΓa(I))
‡≃ RHomR(R/a, I).
Thus, there is a first quadrant spectral sequence
Ep,q2 := Ext
p
R(R/a,H
q
Z(X)) =⇒p Ext
p+q
R (R/a, X).
THE DERIVED CATEGORY ANALOGUES OF ... 5
Note that ExtiR(R/a, X) is finitely generated for all integers i. For each r ≥ 2, let
Z0,tr := Ker (E
0,t
r −→ Er,t+1−rr )
and
B0,tr := Im (E
−r,t+r−1
r −→ E0,tr ).
As Ep,qr is a subquotient of E
p,q
2 , it follows that E
−r,t+r−1
r = 0 and E
r,t+1−r
r is finitely
generated. Hence
E0,tr+1 =
Z0,tr
B0,tr
∼= Z0,tr
and E0,tr /Z
0,t
r is finitely generated. Thus E
0,t
r is a finitely generated R-module if and only
if E0,tr+1 is a finitely generated R-module. Now, we claim that E
0,t
r is a finitely generated
R-module for all r ≥ 2. To this end, we use descending induction on r. Let r ≥ t + 2.
Then one can use the fact that supX = 0 to deduce that E−r,t+r−1r = E
r,t+1−r
r = 0, and so
E0,tt+2
∼= . . . ∼= E0,t∞ . Now, consider the following filtration
{0} = Ψt+1Ht ⊆ ΨtHt ⊆ · · · ⊆ Ψ1Ht ⊆ Ψ0Ht = Ht,
where Ht := ExttR(R/a, X) and E
p,t−p
∞ =
ΨpH
t
Ψp+1H
t , to see that E
0,t
t+2 is finitely generated.
Suppose that the result has been proved for all 2 < r ≤ t + 2. Then we want to show
that the result holds for r − 1. Notice that 2 ≤ r − 1, and so by the above argument and
inductive hypothesis one can see that E0,tr−1 is finitely generated. It therefore follows that
HomR(R/a,H
t
Z(X)) is a finitely generated R-module. 
Next, we record the following immediate consequence.
Corollary 3.3. Let Z be a specialization closed subset of SpecR and X ∈ Df❁(R). Then
for every integer t, the following statements are equivalent:
(i) HiZ(X) is a finitely generated R-module for all i < t.
(ii) There exists an ideal a ∈ F (Z) such that aHiZ(X) = 0 for all i < t.
Proof. (i)⇒(ii) For each i < t, set ai := (0 :R HiZ(X)) and note that Lemma 3.1 (ii) implies
that ai ∈ F (Z). Now, the ideal a :=
∏t−1
i=− supX ai belongs to F (Z) and aHiZ(X) = 0 for all
i < t.
(ii)⇒(i) We may and do assume that t ≥ 1 − supX and proceed by induction on t. If
t = 1− supX , then by Lemma 3.1 (i) we see that HiZ(X) is a finitely generated R-module
for all i < t. Let t > 1 − supX and suppose that the result has been proved for t − 1.
Now by the induction hypothesis, HiZ(X) is a finitely generated R-module for all i < t− 1,
and so by Lemma 3.2 the R-module HomR(R/a,H
t−1
Z (X)) is finitely generated. But, by our
assumption aHt−1Z (X) = 0, and so HomR(R/a,H
t−1
Z (X))
∼= Ht−1Z (X). 
Let T be a second commutative Noetherian ring with identity and f : R −→ T be a ring
homomorphism. Let Z be a specialization closed subset of SpecR. Then it is easy to check
that Zf :=
{
q ∈ SpecT | f−1(q) ∈ Z
}
is a specialization closed subset of SpecT .
Lemma 3.4. Let f : R −→ T be a ring homomorphism and Z a specialization closed subset
of SpecR. Let X ∈ D❁(R) and Y ∈ D❁(T ). Then the following statements hold.
(i) There is a natural R-isomorphism HiZ(Y )
∼= HiZf (Y ) for all integers i.
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(ii) Suppose that T is flat as an R-module. There is a natural T -isomorphism HiZ(X)⊗R
T ∼= HiZf (X ⊗R T ) for all integers i.
Proof. Set Ω :=
{
aT | a ∈ F (Z)}. Then, it is easy to see that Ω ⊆ F (Zf ). Let b˜ ∈ F (Zf )
and set b := f−1(b˜). We claim that b ∈ F (Z). To this end, it is enough to show that every
minimal element p in V(b) belongs to Z.
Let p be a minimal element in V(b) and b˜ =
⋂n
i=1Qi be a minimal primary decomposition
of b˜ in T . Then
√
Qi ∈ Zf for all i = 1, . . . , n. As b =
⋂n
i=1 f
−1(Qi) is a primary
decomposition of b, it turns out that p = f−1(
√
Qj) for some 1 ≤ j ≤ n. So, p ∈ Z. Hence
b ∈ F (Z), and so bT ∈ Ω. Clearly, bT ⊆ b˜. Thus the two families of ideals Ω and F (Zf )
are cofinal.
(i) Let a be an ideal of R. Then by [Li, Corollary 3.4.3], there is an R-isomorphism
Hia(Y )
∼= HiaT (Y ) for all integers i. Hence, (i) follows by the following display of R-
isomorphisms
HiZ(Y )
∼= lim−→
a∈F (Z)
Hia(Y )
∼= lim−→
a∈F (Z)
HiaT (Y )
∼= lim−→
b˜∈Ω
Hi
b˜
(Y )
∼= lim−→
b˜∈F (Zf)
Hi
b˜
(Y )
∼= HiZf (Y ).
(ii) In view of [Li, Corollary 3.4.4], one has the third isomorphism in the following display
of T -isomorphisms
HiZ(X)⊗R T ∼= ( lim−→
a∈F (Z)
Hia(X))⊗R T
∼= lim−→
a∈F (Z)
(Hia(X)⊗R T )
∼= lim−→
a∈F (Z)
HiaT (X ⊗R T )
∼= lim−→
b˜∈Ω
Hi
b˜
(X ⊗R T )
∼= lim−→
b˜∈F (Zf )
Hi
b˜
(X ⊗R T )
∼= HiZf (X ⊗R T ),
which completes the proof of (ii). 
Let Z be a specialization closed subset of SpecR. Let S be a multiplicatively closed
subset of R and f : R −→ S−1R be the natural ring homomorphism. In this case, we denote
Zf by S−1Z. Clearly,
S−1Z =
{
S−1p| p ∩ S = ∅ and p ∈ Z
}
.
In particular, for a prime ideal p of R, we denote (R− p)−1Z by Zp. Assume that R is local
with the unique maximal ideal m and Rˆ is the completion of R with respect to the m-adic
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topology. Let f : R −→ Rˆ be the natural ring homomorphism. In this case, we denote Zf
by Ẑ. Restating Lemma 3.4 (ii) for the flat R-algebras S−1R and Rˆ yields the following
result.
Corollary 3.5. Let Z be a specialization closed subset of SpecR and X ∈ D❁(R). Then
the following statements hold.
(i) Assume that S is a multiplicatively closed subset of R. There is a natural S−1R-
isomorphism S−1(HiZ(X))
∼= HiS−1Z(S−1X) for all integers i.
(ii) Assume that (R,m) is a local ring. There is a natural Rˆ-isomorphism HiZ(X)⊗RRˆ ∼=
Hi
Ẑ
(X ⊗R Rˆ) for all integers i.
The next result provides a comparison between the annihilation of local cohomology
modules with respect to a specialization closed subset of SpecR and the annihilation of
their localizations.
Lemma 3.6. Let Z be a specialization closed subset of SpecR and X ∈ Df❁(R). Then for
every a ∈ F (Z) and every integer t, the following statements are equivalent:
(i) There exists a positive integer l such that alHiZ(X) = 0 for all i < t.
(ii) For every p ∈ SpecR, there exists a positive integer lp such that alpHiZp(Xp) = 0
for all i < t.
Proof. (i)⇒(ii) immediately follows by Corollary 3.5 (i).
(ii)⇒(i) Clearly, we may assume that t ≥ 1 − supX . We proceed by induction on t. Let
t = 1 − supX . Then by Lemma 3.1 (i), H− supXZ (X) is finitely generated, and so we may
assume that
AssR(H
− supX
Z (X)) = {p1, . . . , pr} .
Now, by our assumption, there exist positive integers lp1 , . . . , lpr such that
alpiH− supXZpi
(Xpi) = 0
for all i = 1, . . . , r. Let l := max
{
lp1 , . . . , lpr
}
. Then, in view of Corollary 3.5 (i),
(alH− supXZ (X))pi = 0 for all i = 1, . . . , r. Thus a
lH− supXZ (X) = 0, because
AssR(a
lH− supXZ (X)) ⊆ AssR(H− supXZ (X)).
Hence, alHiZ(X) = 0 for all i < 1− supX .
Next, suppose that t > 1 − supX and the result has been proved for t − 1. From the
induction hypothesis, we deduce that there exists a positive integer l1 such that a
l1HiZ(X) =
0 for all i < t−1. Then, Corollary 3.3 yields that HiZ(X) is finitely generated for all i < t−1.
Now, Lemma 3.2 implies that HomR(R/a,H
t−1
Z (X)) is finitely generated. By the assumption,
for every prime ideal p of R, there exists a positive integer lp such that a
lpHt−1Zp (Xp) = 0,
and so SuppR(H
t−1
Z (X)) ⊆ V(a). Therefore,
AssR(H
t−1
Z (X)) = AssR(HomR(R/a,H
t−1
Z (X)))
is finite. Hence, by a similar argument as in the case t = 1− supX , we may find a positive
integer l2 such that a
l2Ht−1Z (X) = 0. Finally, set l := max {l1, l2}. 
Let us come to the last preparation for proving the main result of this section.
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Lemma 3.7. Let Z be a specialization closed subset of SpecR and p ∈ Z. Let b˜ be an ideal
of the ring Rp. If b˜ ∈ F (Zp), then b˜ ∩R ∈ F (Z).
Proof. Assume that b˜ ∈ F (Zp). Let b˜ =
⋂n
i=1Qi be a minimal primary decomposition of b˜
in Rp. Let 1 ≤ i ≤ n. As V(b˜) ⊆ Zp, one has
√
Qi ∈ Zp, and so√
Qi ∩R =
√
Qi ∩R ∈ Z.
This completes the argument, because b˜ ∩R = ⋂ni=1(Qi ∩R). 
The following result is the derived category analogue of Faltings’ Local-global Principle
Theorem for a single specialization closed subset Z of SpecR.
Theorem 3.8. Let Z be a specialization closed subset of SpecR and X ∈ Df❁(R). Then for
every integer t, the following statements are equivalent:
(i) HiZ(X) is a finitely generated R-module for all i < t.
(ii) HiZp(Xp) is a finitely generated Rp-module for all i < t and all p ∈ SpecR.
Proof. (i)⇒(ii) is clear by Corollary 3.5 (i).
(ii)⇒(i) We may and do assume that t ≥ 1 − supX and proceed by induction on t. If
t = 1− supX , then by Lemma 3.1 (i) we see that HiZ(X) is a finitely generated R-module
for all i < t. Let t > 1− supX and suppose that the result has been proved for t− 1. The
induction hypothesis implies that HiZ(X) is a finitely generated R-module for all i < t− 1,
and so by Lemma 3.2 the R-module  Lb := HomR(R/b,H
t−1
Z (X)) is finitely generated for all
b ∈ F (Z).
Fix b ∈ F (Z). For every prime ideal p of R, we set
ap := AnnRp(H
t−1
Zp
(Xp)) ∩R.
Lemma 3.7 yields that ap ∈ F (Z). As ap  Lb is a finitely generated R-module and (ap  Lb)p = 0,
there exists an element xp in R − p such that (ap  Lb)xp = 0. Now, for every prime ideal p
of R, set Uxp := SpecR − V(Rxp) and notice that for every q ∈ Uxp , one has (ap  Lb)q = 0.
Since any increasing chain of open subsets of SpecR is stationary, there exists a finite subset
{p1, ..., pℓ} of SpecR such that
SpecR =
ℓ⋃
i=1
Uxpi .
Hence, by setting a :=
⋂ℓ
i=1 api , one can see that a ∈ F (Z) and (a Lb)p = 0 for all p ∈ SpecR.
So, a Lb = 0. This implies that a(0 :Ht−1
Z
(X)
b) = 0, because  Lb ∼= 0 :Ht−1
Z
(X)
b. By Lemma
3.1 (ii), one has SuppRH
t−1
Z (X) ⊆ Z. Hence Ht−1Z (X) = ΓZ(Ht−1Z (X)), and so
Ht−1Z (X) =
⋃
b∈F (Z)
(0 :Ht−1
Z
(X)
b).
Thus aHt−1Z (X) = 0, and so H
t−1
Z (X)
∼= HomR(R/a,Ht−1Z (X)). Now, Lemma 3.2 completes
the proof. 
By Corollary 3.3 and Theorem 3.8, one can immediately deduce the following result.
Corollary 3.9. Let Z be a specialization closed subset of SpecR and X ∈ Df❁(R).
fZ(X) = inf
{
i ∈ Z| HiZ(X) is not finitely generated
}
= inf
{
fZp(Xp)| p ∈ SpecR
}
.
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4. Faltings’ Annihilator Theorem
We start this section with the following technical, but useful, result.
Lemma 4.1. Let Z ⊆ Y be two specialization closed subsets of SpecR such that V(p) ∩
(Y−Z) = {p} for all p ∈ Y−Z. Then for every injective R-module E, there exists a natural
R-isomorphism
ΘE :
ΓY(E)
ΓZ(E)
−→
⊕
p∈Y−Z
ΓpRp(Ep).
Proof. Let M be an R-module. There exists a natural R-homomorphism
θM : ΓY(M) −→
⊕
p∈Y−Z
ΓpRp(Mp),
with θM (m) := (
m
1 )p for allm ∈ ΓY(M). Letm ∈ ΓY(M). Then SuppRRm ⊆ Y, and hence
our assumption on Y − Z implies that each element of (SuppRRm) ∩ (Y − Z) is minimal
in SuppRRm. Thus
m
1 ∈ ΓpRp(Mp) for all p ∈ Y −Z and (SuppRRm)∩ (Y −Z) is a finite
set. So, θM is well-defined. Also, one can easily check that Ker θM = ΓZ(M).
Next, we prove that for any injective R-module E, the R-homomorphism θE is surjective.
Let
E =
⊕
q∈SpecR
E(R/q)(µ
0(q,E))
be an injective R-module. Let p◦ ∈ Y − Z and xs ∈ Γp◦Rp◦ (Ep◦). Since x ∈ E, x = (xq)q,
where xq ∈ E(R/q)(µ0(q,E)). As xs ∈ Γp◦Rp◦ (Ep◦), there is a positive integer n and s˜ ∈ R−p◦
such that s˜pn◦x = 0. Let q be a prime ideal of R with p◦ * q and let tq ∈ p◦ − q. Since
E(R/q)(µ
0(q,E)) t
n
q−→ E(R/q)(µ0(q,E))
is an isomorphism, we get that s˜xq = 0. Next, let q be a prime ideal of R with q * p◦.
There is a positive integer nq such that q
nqxq = 0. Let sq ∈ q− p◦. Then snqq xq = 0. So, we
may take sˇ ∈ R− p◦ such that sˇxq = 0 for all q 6= p◦. Note that only finitely many of xq ’s
are nonzero. Thus, without loss of generality, we may assume that xq = 0 for all q 6= p◦.
In particular, (0 :R x) = (0 :R xp◦). Hence x is annihilated by some power of p◦, and so
x ∈ ΓY(E). On the other hand, using the fact that the map
E(R/p◦)
(µ0(p◦,E)) s−→ E(R/p◦)(µ0(p◦,E))
is an isomorphism, one deduces that syp◦ = xp◦ for some yp◦ ∈ E(R/p◦)(µ
0(p◦,E)). Let δ
denote the Kronecker delta. Then for y := (δp◦,qyp◦)q, we have
y
1 =
x
s in Ep◦ . Note that there
exists a positive integer t such that pt◦y = 0, and so y ∈ ΓY(E). Since V(p◦)∩(Y−Z) = {p◦},
we deduce that y1 = 0 in Ep for all p ∈ (Y − Z)− {p◦}. So,
θE(y) = (
y
1
)p = (δp◦,p
x
s
)p.
Therefore θE is surjective, and so it induces a natural R-isomorphism
ΘE :
ΓY(E)
ΓZ(E)
−→
⊕
p∈Y−Z
ΓpRp(Ep).

Next, we establish a useful long exact sequence of local cohomology modules.
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Lemma 4.2. Let Z ⊆ Y be two specialization closed subsets of SpecR such that V(p) ∩
(Y − Z) = {p} for all p ∈ Y − Z. Then for any X ∈ D❁(R), there is a long exact sequence
· · ·→
⊕
p∈Y−Z
Hi−1pRp(Xp)→HiZ(X)→ HiY(X)→
⊕
p∈Y−Z
HipRp(Xp)→Hi+1Z (X)→· · · .
Proof. First, let M be an R-module, and set ΓY/Z(M) := ΓY(M)/ΓZ(M). Note that
ΓY/Z(−) is a functor from the category of R-modules to itself, but not necessarily left exact.
We consider the right derived functor of this functor in D(R). Let X ∈ D❁(R) and I be an
injective resolution of X . Then for every prime ideal p of R, we may check that Ip is an
injective resolution of the Rp-complex Xp.
We set HiY/Z(X) := H−i(ΓY/Z(I)) for all integers i. One can use the following exact
sequence of R-complexes
0 −→ ΓZ(I) −→ ΓY(I) −→ ΓY/Z(I) −→ 0,
to obtain the long exact sequence
· · · −→ Hi−1
Y/Z(X) −→ HiZ(X) −→ HiY(X) −→ HiY/Z(X)→ Hi+1Z (X)→ · · · .
Lemma 4.1 yields that the two complexes ΓY/Z(I) and
⊕
p∈Y−Z
ΓpRp(Ip) are isomorphic, and
so
HiY/Z(X)
∼=
⊕
p∈Y−Z
HipRp(Xp)
for all integers i. This completes the proof. 
Next, we include the following immediate consequence.
Corollary 4.3. Let Z be a specialization closed subset of SpecR and X ∈ D❁(R). Then
the following statements hold.
(i) For every integer n, Zn :=
{
p ∈ Z| ht p ≥ n} is a specialization closed subset of
SpecR and
⋂
n∈Z Zn = ∅.
(ii) If dimR is finite, then HiZn(X) = 0 for all i and all n > dimR.
(iii) For any two integers i and n, there exists an exact sequence
HiZn+1(X) −→ HiZn(X) −→
⊕
p∈Zn−Zn+1
HipRp(Xp).
We need to apply the following first quadrant spectral sequence in the proof of the main
result of this section.
Lemma 4.4. Let Z be a specialization closed subset of SpecR. Then for any X ∈ D❁(R)
with supX = 0 and any a ∈ F (Z), there is a first quadrant spectral sequence
Ep,q2 := H
p
a(H
q
Z(X)) =⇒p H
p+q
a (X).
Proof. By [FI, 1.6], we have the following spectral sequence
E2p,q := H
−p
a (Hq(RΓZ(X))) =⇒
p
H−p−qa (RΓZ(X)).
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Let I be an injective resolution of X . Then, one has the following natural R-isomorphisms
H−p−qa (RΓZ(X))
∼= H−p−qa (ΓZ(I))
∼= Hp+q(RΓa(ΓZ(I)))
∼= Hp+q(Γa(ΓZ(I)))
∼= Hp+q(Γa(I))
∼= Hp+q(RΓa(X))
∼= H−p−qa (X),
which completes the argument. 
Now, we are ready to prove the Annihilator Theorem for local cohomology modules of
complexes.
Theorem 4.5. Let Z ⊆ Y be two specialization closed subsets of SpecR, X ∈ Df✷(R) and
n an integer. Consider the following statements:
(i) There exists an ideal a ∈ F (Y) such that aHiZ(X) = 0 for all i ≤ n.
(ii) For every q /∈ Y and every p ∈ Z ∩ V(q), one has depthRq Xq + ht p/q > n.
Then, (i) always implies (ii) and (ii) implies (i), provided R is a homomorphic image of a
finite-dimensional Gorenstein ring.
Proof. Note that by Lemma 3.1 (i), HiZ(X) = 0 for all i < − supX and H− supXZ (X) is
finitely generated. Set T := Σ− supXX and note that aHiZ(X) = 0 for all i ≤ n if and only
if aHiZ(T ) = 0 for all i ≤ n+ supX . Also, one can see that
depthRq Tq = depthRq Xq + supX
for all q ∈ SpecR. Therefore, by replacing X with T , we may and do assume that supX = 0,
and so HiZ(X) = 0 for all i < 0 and H
0
Z(X) is a finitely generated R-module.
(i)⇒(ii) First, we reduce the situation to the case that R is a Gorenstein local ring. To
this end, let q /∈ Y and p ∈ Z ∩ V(q). We should show that
depthRq Xq + ht p/q > n,
which it is equivalent to show that
depth(Rp)qRp
((Xp)qRp) + dimRp/qRp > n.
Hence, in view of Corollary 3.5 (i), by replacing R, Y, Z and X with Rp, Yp, Zp and Xp;
respectively, we may and do assume that (R,m) is a local ring and we must show that for
every q /∈ Y,
depthRq Xq + dimR/q > n.
Let Rˆ be the completion of R with respect to the m-adic topology. We have
dimR/q = dim Rˆ/qRˆ = dim Rˆ/Q,
for some Q ∈ Min qRˆ, and one can see that Q /∈ Ŷ. On the other hand, in view of [Iy,
Corollary 2.6] we have
depthRq Xq = depthRˆQ(Xq ⊗Rq RˆQ) = depthRˆQ(X ⊗R Rˆ)Q.
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Corollary 3.5 (ii) yields that there is an Rˆ-isomorphism HiZ(X)⊗R Rˆ ∼= HiẐ(X ⊗R Rˆ) for all
integers i. Thus we may assume that R is a complete local ring, and so it is a homomorphic
image of a Gorenstein local ring. Next, in view of Lemma 3.4 (i), we can assume that R is
a Gorenstein local ring.
Now for a given q /∈ Y, we should show that HjqRq(Xq) = 0 for all j ≤ n − dimR/q. By
Lemma 4.4, we have a first quadrant spectral sequence
Ep,q2 := H
p
m(H
q
Z(X)) =⇒p H
p+q
m (X).
So, we can use our assumption to deduce that atHj+dimR/qm (X) = 0 for some positive
integer t. Hence, by using the Local Duality Theorem [Ha, Chapter V, Theorem 6.2],
at Ext
dimR−j−dimR/q
R (X,R) = 0, and so
SuppR(Ext
dimR−j−dimR/q
R (X,R)) ⊆ V(a) ⊆ Y.
As q /∈ Y and dimRq = dimR− dimR/q, we deuce that ExtdimRq−jRq (Xq, Rq) = 0. Therefore,
the Local Duality Theorem implies that HjqRq(Xq) = 0.
(ii)⇒(i) First, note that by Lemma 3.4 (i) we may assume that R is Gorenstein and
dimR < ∞. Fix a non-negative integer i ≤ n. Let q /∈ Y and p ∈ Z ∩ V(q). By the
assumption, we have
i− ht p/q ≤ n− ht p/q < depthRq Xq,
and so H
i−ht p/q
qRq
(Xq) = 0. Then the Local Duality Theorem yields that Ext
ht p−i
R (X,R)q = 0.
Thus, one deduces that SuppRp(Ext
ht p−i
Rp
(Xp, Rp)) ⊆ Yp.
Next, for every p ∈ Z, set
ap,i := AnnRp(Ext
ht p−i
Rp
(Xp, Rp)) ∩R.
Applying Lemma 3.7 implies that V(ap,i) ⊆ Y. Let t be a non-negative integer and p ∈ Zt−
Zt+1. As ap,i Extt−iRp (Xp, Rp) = 0, there exists xp ∈ R−p such that (ap,i Extt−iR (X,R))xp = 0.
Now, set Uxp := SpecR−V(Rxp) and note that for every q ∈ Uxp , one has
ap,i Ext
t−i
Rq
(Xq, Rq) = 0.
By using the fact that every increasing chain of open subsets of SpecR is stationary, one
can deduce that there exists a finite subset Wt of Zt − Zt+1 such that⋃
p∈Zt−Zt+1
Uxp =
⋃
p∈Wt
Uxp .
Hence, by setting at,i :=
⋂
p∈Wt
ap,i, one can see that V(at,i) ⊆ Y and at,i Extt−iRp (Xp, Rp) = 0
for all p ∈ Zt−Zt+1. Applying the Local Duality Theorem again implies that at,iHipRp(Xp) =
0 for all p ∈ Zt − Zt+1. Now, using the exact sequence given in Corollary 4.3 (iii) implies
that for the ideal ai :=
∏dimR
t=0 at,i, we have aiH
i
Z(X) = 0, and so by setting a :=
⋂n
i=0 ai
the assertion follows. 
We close the paper with the following result.
Corollary 4.6. Let Z ⊆ Y be two specialization closed subsets of SpecR and X ∈ Df✷(R).
Then the following statements hold.
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(i) fYZ (X) ≤ λYZ(X).
(ii) Assume that R is a homomorphic image of a finite-dimensional Gorenstein ring.
Then fYZ (X) = λ
Y
Z (X) and f
Y
Z (X) = inf
{
f
Yp
Zp
(Xp)| p ∈ SpecR
}
.
Proof. (i) follows by the implication (i)=⇒(ii) in Theorem 4.5.
(ii) The first assertion of (ii) follows by Theorem 4.5.
Denote inf
{
f
Yp
Zp
(Xp)| p ∈ SpecR
}
by t. For every prime ideal p of R, Corollary 3.5 (i)
easily yields that fYZ (X) ≤ fYpZp (Xp), and so fYZ (X) ≤ t. Let n be any integer with n < t
and p be a prime ideal of R. As n < f
Yp
Zp
(Xp), it turns out that there exists c ∈ F (Yp)
such that cHiZp(Xp) = 0 for all i ≤ n. Hence, by Theorem 4.5, for every q /∈ Y and every
p ∈ Z ∩ V(q), one can deduce that
depthRq Xq + ht p/q > n.
Thus, we can apply Theorem 4.5 again to deduce that there exists a ∈ F (Y) such that
aHiZ(X) = 0 for all i ≤ n. Therefore fYZ (X) > n, and so fYZ (X) ≥ t.

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